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3 of the Earth's surface, people could hear the explosion of the volcano Krakatau. Citizens of Bogota, Columbia heard the explosion 7 times, as the sound focused and defocused at two antipodal points. All of the geodesics leaving any point of a sphere minimize until they reach "all the way across" the sphere, where they simultaneously collide; see [1] for applications. A point p of a compact metric space is a Blaschke point if every geodesic (i.e. locally shortest path) leaving p and of length less than the diameter is the shortest path between any of its points. A compact connected metric space is Blaschke if its every point is Blaschke.
Examples
Clearly the round sphere is Blaschke. Each geodesic of CP 2 lies inside a unique totally geodesic complex projective line CP 1 ⊂ CP 2 . Our geodesic's competitors for minimizing distance also lie in the same CP 1 , so our geodesic stops minimizing just when it reaches the antipode in CP 1 of its starting point, a maximal distance. Therefore CP 2 is Blaschke, and likewise CP n , HP n and OP 2 are Blaschke. Picture RP 2 : each geodesic from the north pole travels to the equator, where it disappears and reappears on the opposite side of the equator, heading north. Each geodesic minimizes distance up to the equator, which is as far as you can go from the north pole. For the same reason, RP n is Blaschke. The Blaschke conjecture (as understood today) is the conjecture that the only Blaschke manifolds are RP n , S n , CP n , HP n and OP 2 (i.e. the compact rank one symmetric spaces, a.k.a. crosses) with their standard metrics, up to rescaling each metric by a positive constant.
Imagine that you can see any star in the night sky, as its light reaches you along a geodesic. But suppose that if that geodesic travels further than the diameter of your universe the light becomes too dim and so invisible. If your universe is S 3 , then you can see any star as a single point of light in the sky, unless the star sits at your antipode, when you see the star as if it were a sphere of fire in the sky, surrounding you in all directions. If your universe is RP 3 , you see each star as single point of light, unless it lies on your cut locus RP 2 , when you see the star as if it were two points of light, in opposite directions in the night sky. If your universe is CP 2 , you see each star as a single point of light, unless it lies on your cut locus CP 1 , i.e. lies at the antipode of a round CP 1 through your location, when you see the star as if it were a ring of fire circling you: a fiber of the Hopf fibration. The same phenomena arise in all Blaschke manifolds, as we will see, and provide the only tool discovered so far to understand their topology.
Equivalent conditions
Each of the following is a necessary and sufficient condition that a connected compact Riemannian manifold M be Blaschke; see [2] chapter 5.
(1) The diameter of M equals the injectivity radius of M .
(2) The distance of any point to its cut locus is the same for all points.
(3) The cut locus of any point is a metric sphere, and the radius of that sphere is the same for all points. 
What we know
Any manifold whose geodesics are simply closed loops has the integral cohomology ring of a unique cross, called its model [4, 20] . The Blaschke conjecture asks precisely that each Blaschke manifold be isometric to its model, up to constant metric rescaling. Today we know that, up to constant metric rescaling, every Blaschke manifold M is adjective to its model:
As we can see in the table, the Blaschke conjecture is solved just for homology spheres and homology real projective spaces.
History
In the first edition of [3] ( §86 p. 155 question 2), Blaschke conjectured that any surface in R 3 whose every point has a unique conjugate point is isometric to a round sphere. In the second edition, Reidemeister gave a proof in an appendix, trying to show that a surface with the structure of a Blaschke metric space is a Desargues projective plane [19] . The third edition exposed an error in that proof; see [5] for a simple construction of non-Desargues projective planes with metrics so that the projective lines are geodesics. Green [7] proved Blaschke's conjecture using elementary classical surface geometry. Besse [2] expanded the Blaschke conjecture to the one stated above, and (as will see) Berger, Kazdan, Weinstein and Yang proved the conjecture for homology spheres and homology real projective spaces. Subsequent authors have only considered the diffeomorphism types of Blaschke manifolds (as in our table, also see below), and nothing more is known about the metric geometry.
Cohomology
Take a Blaschke manifold M and a point p ∈ M and let P be the space of paths in M issuing from p. The end point map P → M is a fibration, and P is contractible, so the exact sequence in homotopy ensures π i (P ) = π i+1 (M ) and yields a Gysin sequence. Each geodesic leaving m is a union of geodesic loops together with a minimal geodesic "end", so that the index of each geodesic is determined by how many times it wraps around. The energy function γ → |γ| 2 is a Morse function on P , with critical points the geodesics, so P is homotopy equivalent to a CW -complex, with cells added at each critical energy level, of dimension given by the index. Every Gysin sequence gives an exact sequence in cohomology, with certain of the arrows being cup product maps with an element z ∈ H * (M ): [13] p. 143 example 5.C. Contractibility of P makes the exact sequence a collection of isomorphisms, and computes the low degree cohomology of M , showing that it is generated by z. Duality and connectivity of M computes the rest of the cohomology groups and the cohomology ring structure follows using heavy differential topology [2, 4, 20] .
Volume and Jacobi vector fields
To find the volume of a Blaschke manifold M of given diameter, look at the circle bundle S 1 → U T M → Geod(M ) from the unit tangent bundle to the space of oriented geodesics, a Hamiltonian reduction, with a connection (the contact form) whose curvature is the symplectic form on Geod(M ), so that the cohomology class of the symplectic form is the Euler class [2] proved that the volume of a Blaschke manifold exceeds that of the sphere of the same diameter unless the Blaschke manifold is isometric to the sphere [2] appendix E. The proof is a difficult analysis of the Jacobi vector field equation along each geodesic, making use of periodicity and reversibility of geodesics, and a complicated inequality proved by Kazdan [10] . Combined with the results on volume above, this proves the Blaschke conjecture for homology spheres. The Blaschke conjecture for homology real projective spaces follows by taking a double cover.
Sphere fibrations of spheres
Geodesics in a Blaschke manifold from a point p reach the cut locus of p with minimal length, and so are perpendicular to that cut locus: the unit sphere at p is mapped by geodesic flow to the normal bundle of the cut locus of p. It is more difficult to see that this map is a diffeomorphism onto (see [2] chapter 5), so that all geodesics are periodic, leading to condition (6) above.
By condition (6), the diffeomorphism type of any Blaschke manifold M is encoded in a fibration of a Euclidean sphere U T p M ⊂ T p M by great spheres. For example, if M = CP n then the unit sphere S 2n−1 ⊂ T p M = C n is fibered over the cut locus of p by the Hopf fibration: S 1 → S 2n−1 → CP n−1 . Each row in the table above arose by proving that any great sphere fibration of a sphere is isomorphic to a Hopf fibration, with various notions of isomorphism. The generic great sphere fibration does not arise from a Blaschke metric, but the homotopy theory of great sphere fibrations remains a basic question, related to the homotopy theory of first order elliptic differential equations [14] , and thus to continuity methods.
Take a great sphere fibration
Identify each great sphere with the linear subspace it spans in R n+k : the sphere fibration embeds the base X into a Grassmannian X ⊂ Gr R (k, n + k). Each tangent space T := T P X is a linear subspace T ⊂ T P Gr R (k, n + k) = P * ⊗ R n+k /P , and so each vector v ∈ P gives a linear map T → R n+k /P . A compact connected submanifold X n ⊂ Gr R (k, n + k) arises from a great sphere fibration just when each of these linear maps is a linear isomorphism for every v = 0. Since this condition on a submanifold of the Grassmannian is open, every C 1 -small perturbation of X also arises from a unique great sphere fibration.
For a great sphere fibration S 3 → S 7 → X 4 , the homotopy class of the associated inclusion X 4 ⊂ Gr R 4, R 8 is the same as that of the associated inclusion arising from the Hopf fibration [23] , so that the Pontryagin number is equal to that arising in the Hopf fibration. Heavy differential topology ensures P L-isomorphism with the Hopf fibration.
For a great sphere fibration S 1 → S 2n+1 → X 2n , the embedded submanifold X ⊂ Gr R 2, R 2n has tangent spaces T ⊂ P * ⊗ R 2n+2 /P . We can always lift X to the oriented Grassmannian, so assume that each P ∈ X is an oriented 2-plane. Using a little linear algebra, there are canonically determined complex structures on T and R 2n+2 so that P ⊂ R 2n+2 is a complex linear subspace and the inclusion T ⊂ P * ⊗ R 2n+2 /P is has image in the complex linear tensor product and is complex linear [14] . So at each point P ∈ X, we have a chosen complex structure J P :
2n−1 containing Z 0 intersects the image of X at a unique point transversally, so that X is identified with the set of all linear subspaces CP n+1 ⊂ CP 2n−1 containing Z 0 , a space diffeomorphic to CP n [14] , and it is easy to extend this diffeomorphism to identify the fibration S 2n+1 → X 2n with the Hopf fibration. (Yang [30] correctly criticized the argument of Sato [21] but the map X → CP 2n−1 is essentially Sato's.) Any great sphere fibration S 3 → S 4n+3 → X 4n admits a reduction of structure group to Sp(1), by examining maps between classifying spaces [22] . The classifying map for this bundle factors through a map X → HP n , which consequently is an isomorphism on homotopy groups, so a homotopy equivalence by Whitehead's theorem. Sato states without proof that, from the K-theory of HP n , this homotopy equivalence should ensure the existence of a homeomorphism X ∼ = HP n . If a Blaschke manifold is modelled on a projective plane, then it is a smooth topological projective plane [6, 15, 19] . If we linearly identify T = P = R n+k /P then the inclusion T → P * ⊗ R n+k /P becomes the multiplication of a division algebra (not necessarily associative or commutative), so the topology is related to the theory of real division algebras [6, 8, 9 , 28].
Tools we might hope to use
It is unlikely that the tricks above that produce diffeomorphisms, homeomorphisms or homotopy equivalences with the model can yield isometry; they forget too much geometry. A compact connected Riemannian manifold (or length space) with a large number of Blaschke points seems likely to be a Blaschke manifold. In a Blaschke manifold, the cut locus of any point is a submanifold generating the cohomology ring, with intersections governed by the cohomology ring as in the model, so we might use integral geometry. The spectra of crosses are peculiar, and related to their peculiar geodesic behaviour: we might use spectral geometry. crosses are characterized by their diameter, upper bound on sectional curvature and lower bound on either injectivity radius [18] or distance to conjugate points [24] . Blaschke manifolds are not known to have bounds on any type of curvature.
A projective connection on a manifold is an equivalence class of affine connection, with two being equivalent when they have the same geodesics as unparameterized curves. Lebrun and Mason [11, 12] gave an explicit description of the projective connections on S 2 whose geodesics are closed. It is unclear how to state an analogue of the Blaschke conjecture for projective connections in all dimensions.
A Riemannian manifold is harmonic if near each point there is a nonconstant harmonic function depending only on the distance from that point. Every compact simply connected harmonic manifold is a cross [25] , so we might try to construct some harmonic functions.
